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The supersymmetricproduct of a supercurveis constructedwith the aid of a theorem
of algebraicinvariantsand the notion of positive relative superdivisor (supervortex)is
introduced.A supercurveof positive superdivisorsof degree 1 (supervorticesof vortex
number1) of theoriginal supercurveis constructedasits supercurveofconjugatefermions,
as well as thesupervarietyof relativepositive superdivisorsof degreep (supervorticesof
vortex numberp). A universalsuperdivisoris definedandit is provedthateverypositive
relative superdivisorcan be obtainedin a unique way as a pull-back of the universal
superdivisor.Thecaseof SUSY-curvesis discussed.
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1. Introduction

Positivedivisorsof degreep on an algebraiccurve X canbe thoughtof as
unorderedsetsof p pointsof X, hence,as elementsof the symmetricp-fold
productSEX. The symmetricp-fold productis the orbit spaceof thecartesian
p-fold productX~underthe naturalactionof the symmetricgroup, and it is
thusendowedwith a naturalstructureof algebraicvariety. In this way, positive
divisorsof degreep arethe pointsof an algebraicvariety Div’1 (X), andthis
varietyis of greatimportancein the studyof the geometryof curves,andit also
hasagrowinginterestin MathematicalPhysics.

Fromthegeometricalside,onehas,for instance,therole playedby thevariety
of positive divisorsof degreep in someclassicalconstructionsof theJacobian
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variety of acompletesmoothalgebraiccurve.The first constructionof theJa-
cobianvariety,dueto JacobiandAbel, is of an analyticnatureanddefinesthe
Jacobianasacomplextorusthroughthe periodmatrix. The first algebraiccon-
structionis due to Weil [311, who showedthat the algebraicstructureandthe
grouplaw of the Jacobiancomefrom the fact that it is birationallyequivalent
to the varietyof positivedivisorsof degreethegenusofthe curve. Anotherpro-
cedurestemsfrom Chow [71,who took advantageof the fact that for p high
enoughtheAbel map(that mapsa divisorof degreep into its linear equivalence
class)isaprojectivebundle,to endowtheJacobianwith astructureof projective
algebraicgroup.But regardlessof the methodusedforconstructingtheJacobian,
the structureof thevarietyof positivedivisorsof degreep andthe diverseAbel
morphismsfrom thesevarietiesto theJacobian,turnout to beakeypoint in the
theoryof Jacobianvarieties(see,for instance,refs. [17,25]) andhasprovedto
be an importanttool in the solutionof theSchottky problem[26].

Fromthephysicalpointof view, thevarietyof positivedivisorsof acomplex
completesmoothcurveX (acompactRiemannsurface)is thevarietyof vortices
orsolutionstothevortex equations[5,10]. Foreveryholomorphicline bundleL
on X endowedwith ahermitianmetric, thereis aYang—Mills—Higgs functional
YMHT(V, ~) definedon gaugeequivalenceclassesofpairs (V, ~) whereV is a
unitary connection,by

YMH~(V,q5)= f(lFvI2 + IV~V+ ~I~®~* —rIdI2)d~,

whereFv isthecurvature,V4 thecovariantderivative,andr is arealparameter
(seeref. [5]).

Bradlow’stheoremstatesthatfor larget, gaugeequivalenceclassesofsolutions
(V,~)to the vortex equation

YMH~(V,4) = 2irpt,

where p is the degree of L with respect to the Kähler form, correspond to divisors
of degreep on X. In this correspondence,asolution (V, q5) corresponds to the
divisor given by the set of centresof the vorticesappearingwith multiplicity
givenby themultiplicity ofthe magneticflux.

Thereis no similar theory for supersymmetricextensionsof the vortex equa-
tions (supervortices),and in fact only very little work on supervorticesor su-
persymmetricextensionsof the Bogomolnyequationshasbeendone (seeref.
[20]). This paperwill provide a first step in thatdirection, by providing the
right supervarietyof positivesuperdivisorsor supervorticeson a supercurve.

Thispaperis organizedas follows:
The supersymmetricproductS”X for asupercurveX of dimension(1, 1) is

constructedin section2 astheorbit ringedspaceobtainedthroughtheactionof
the symmetricgroup on the cartesianp-fold productof X. It is far from trivial
that the resultinggradedringedspaceis asupervarietyof dimension(p,p), a
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statementwhich is shownto be equivalentto an invariant theorem.It should
be stressedthat this theoremis no longer true for supercurvesof higherodd
dimension,but ourresultcoversthemostimportantcasessuchasSUSY-curves.

In section3 thenotionofpositiverelativesuperdivisorof degree p for arelative
supercurveX x S —~ S is given. The classicaldefinition cannotbe extended
straightforwardlyto supercurvesif wewishthatsuperdivisorscouldbeobtained
as pull-backsof asuitableuniversalsuperdivisor.

Forordinaryalgebraiccurves,positivedivisorsof degree1 arejustpoints.The
noveltyhereisthatfor analgebraicsupercurveX, positiverelativesuperdivisors
of degree1 (supervorticesof vortex number 1) are are not pointsof X (see
ref. [23]), but rathertheyare pointsof anothersupercurveXC with the same
underlyingordinary (bosonic) curve. Actually, if we think of X as a field of
fermionson abosoniccurve,the supercurveX~is the supercurveof conjugate
fermionson theunderlyingbosoniccurve.

This is proven in section4, which alsocontainsthe representabilitytheorem
for positive relativesuperdivisorsof degreep on a supercurve.The theorem
meansthatpositiverelativesuperdivisorsof degreep arethepointsof thesu-
persymmetricp-fold productSPXCof the supercurveX~of conjugatefermions.
Thispropertyisstatedin thespirit of AlgebraicGeometryin termsof thefunctor
of the points;the precisestatementis that the functorof the positiverelative
superdivisorsof degreep of asupercurveX of odd dimension1, is the functor
of thepointsof thesupersymmetricp-fold productSPXC.This meansthatevery
positiverelativesuperdivisorof X x S —p 5 canbeobtainedin a uniqueway as
the pull-backof acertainuniversalpositive superdivisorthrougha morphism
S —+ SPXC. We obtainin thatway what is the right structureof algebraicsuper-
schemethe“space”of positivesuperdivisorsofdegreep on asupercurvecanbe
endowedwith.

Thecaseof supersymmetriccurves(SUSY-curves)is particularlyimportant,
both for historicalandgeometricalreasons.We provethat for a supercurveX,
the existenceof aconformal structureon X is equivalentto the existenceof
an isomorphismbetweenX and the supercurveX~of conjugatefermions.In
otherwords,asupercurveX is a SUSY-curveif andonly if X is isomorphic
with XC. In this casethe universalpositivesuperdivisorof degree1 is Manin’s
superdiagonal[4,23] andwerecoverfrom aclearerandmoregeneralviewpoint
Manin’s interpretationof the relationshipbetweenpointsandpositivedivisors
of degree1 for SUSY-curves,andsomeconnecteddefinitions [28,29].

Summarizing,the spaceof supervorticesof vortexnumberp (positivesuper-
divisorsof degreep) on a supercurveX of odddimension1, is an algebraic
supervarietyof dimension(p,p). Thisalgebraicsupervarietyis thesupervari-
etySPXCof “unorderedfamilies” of p conjugatefermions.Moreover,only for
SUSY-curvesare supervorticesof vortex numberp “unorderedfamilies” of p
pointsof X.
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Thistheorycanbeextendedstraightforwardlyto SUSY-familiesparametrized
by an ordinaryalgebraicscheme.

The results of this paper for the case of SUSY-curves only were stated (without
proofs) in ref. [8].

2. Supersymmetricproducts

2.1. DEFINITIONS

A suitable reference for schemes theory is ref. [141; the general theory of
schemes in supergeometry (superschemes) can be found in refs. [22] and [271.

Let X = (X, A) be a gradedringed space,that is, apair consistingof a
topologicalspaceX endowedwith asheafAof12-gradedalgebras.Let usdenote
by J theideal A1 + A~.

Definition 1. A superschemeof dimension(m, n) over a field k, is agraded
ringedspaceX = (X, A) where A is asheafof gradedk-algebrassuchthat:

(i) (X, 0 = A/J) is an rn-dimensionalschemeof finite type over k;
(ii) J/J

2 is a locally free 0-moduleof rankn andA is locally isomorphicto
A

0(J/J
2).

Definition 2. A superschemeX = (X, A) overa field k is saidto be affine if
theunderlyingscheme(X, 0 = .,4/J) is an affine scheme,that is, if thereis a
homeomorphism

X~4Spec(F(X,0))

and0 is thesheafon X definedby localizationon the basicopensubsetsof the
spectrum.

If X = (X,A) is an affine superscheme, and A = f’(X,A), we shall simply
write X = SpecA for it.

Let usconsiderthe product

= (Xs,A®s),

where X~denotesthe cartesianproductX x x X, andA®g = A ® ® A.
The symmetric group Sg acts on x~by graded automorphisms of super-

schemesaccordingto the rule
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a:X~—~

(Xi,...,Xg) ~-+ (Xe(1),...,X~y(g)),

a*: A®5

fi ®~“®fg‘.-+ fJ (l)~~fa(1) ~ ®fa~g~, (1)
i<j

cl(i)>e(j)

where I I standsfor the 7
2-degree.This action reducesto the ordinaryaction

of Sg on the scheme(Xe, Q®~).Then,wehavethe orbit space5~X,a natural
projectionp: X~—* ~ andan invariant sheafOg = Q5s on ~ whose
sectionson an opensubsetV ~ S~Xare

Og(V) = {f E 0®5(p~l(V)) g*f = f for everya E S5}.

It is well known that, if (X, 0) is a projective scheme,the ringed space
(SEX,O~)is ascheme,thesymmetricp-foldproductof (X, 0) [30, prop. 19].

Let usconsiderthesheafAg = (A®
5)S: ofgradedinvariantson S~Xdefined

asaboveby letting

A
5(V) = {f E A®~(p’(V)) I ~ = f for everya E Sg}

for everyopen subsetV ç S5X.

2.2. THE CASE OF SUPERCURVES

Definition 3. A supercurveis a superschemeX of dimension (1,n) over a
field k.

Let X be a smoothpropersupercurve,that is, a supercurvesuchthat (X, 0)
is properandsmooth.

Theorem1. LetX = (X,A) beasmoothpropersupercurveofodddimensionn>
0. Thegradedringedspaces~xisasuperschemeifandonlyifn = I, thatis, ifand
onlyif X is a superschemeofdimension(1, 1). In that case,S~X= (SEX,Ag)
is a superschemeof dimension(g,g), which will be calledthe supersymmetric
g-foldproductofX.

Proof Let us noticethat (X, 0) is projective (it hasvery amplesheaves),so
that the ringedspace(SEX,0~)is aschemeas we mentionedabove(in fact, it
is smooth,whichis no longertrue for higherdimensionalX).

As thereis a naturalprojectionA5 °g~we only haveto ascertainif Ag
is locally theexterioralgebraof a locally free 05-module.We canthusassume
A = A0 (~f),~V being afree rank-n0-module.
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Let uswrite

andM = ... E3J\Ig. Now, if~ = Q®~andA = A®~,wehave

= A0(~)~o ®o A0(~V)~ A~(M).

The symmetricgroup Sg actson M by

a(n, + ... + flg) = fl0(1) + + ~c(g)

and this action providesan action a: A —~ on the exterior algebra~ =

A~(M),givenby

a(m, A .••A nip) = a(m1) A ... A

This actionof S5 on ~ is actually equal to the one defined in (1), because
bothcoincideon A~.(M)= M andaremorphismsof gradedalgebras.

If wedenoteby MSSthe 05-moduleconsistingof theinvariantsectionsofM,
the proofof theorem1 will bethus completedwith the following

Lemma1. The naturalmorphismofsheavesofgraded05-algebrasover S5X,

~: A0g(MS~) (A~(M))~= A5,

is an isomorphismif andonly if n = 1.

Proof The proofis acomputationof invariantsin the exterioralgebraof a free
module overa commutativering, which allowsus to usestandardmethodsof
CommutativeAlgebra(all theresultsthatweshallusecanbefound,for instance,
in ref. [1]).

Let us startwith the casen = 1.
(a) We can assumethat X = Spec0, where 0 is a semilocalringwith g

maximalidealsp,, . .. , P~,andthen,that.‘V = 0 e,.N = 0 e (where

e~=l®...®

andM =~•e1~~•.~•e5.
Let usnotice,first, thatq

5 isanisomorphismif andonlyif it is anisomorphism
whenlocalizedateverymaximalidealp of Og. On theotherhand,p corresponds
to adivisor D = x

1 + + x5 andthe fibre of p: X~—* S~Xover this point
consistsof the family (x1,. . . , xg) (someof the pointscan be equal) together
with its permutations.It follows that we are reducedto consideringonly the
localizationof 0 attheseparticularpoints (xi,.. .

(b) Wecanassumethat0= k[t] andjV = k[t].e. Sincethecompletion
morphism

(Og)p ~—4 (Og)p
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is afaithfully flat morphism,wearereducedto showingthatqSisanisomorphism
after completing0~at everymaximal ideal.

Let t E 0 be an elementthat takesdifferentvalues (~,. . . , 2~)at the points
(x,,. . . , Xg) andsuchthat t — 2, is aparameterat x, (that is, it generatesthe
maximalideal ofthe local ring 0~).Then,k [t] is asubringof 0 andmoreover,
given two differentmaximal idealsPi � Pj, the maximalidealsPt = P fl k[t]
and~~= p~nk[t] ofk[t] arealsodifferent.

LetI = p1n.~~np5,J=~1fl••~fl~5betheintersectionidea1sand0’—~0,
k[t] ~—+ k [t]the faithfully flat morphismsof completionwith respectto the
idealsI, 7, respectively.Thenwe have

k[t] ~ñ ~ P1 ~ñ ~~
so that, if thetheoremis truefor k [t] andthe modulek[t] . e, it is alsotruefor
k [t] = 6 andk[t] e = 6 e andthenit will be true for 0 and.N = 0 e by
faithfull flatness.

(c) The case0 = k [t] andJ’.f = k [t] e. Now, for every0 ~ p ~ g we have

~ N~A.••Aft/~
1I<...<ip

andS~actstransitivelyby permutationof terms.
In fact,JV1A. . .A)V, = a1...e~(Au1A.~.AJV~),a11...1~ES5beinganypermutation

of thetype
(l...p...

— ‘S\~l . . . . .

Then, an invariant elementm = ~ nt~A ... A n,,, is characterizedby
n1 A ... A n~andwe havean isomorphism

(.N1 ~ ~J~f)SpXSg_p ~

~ a(n1A...An~),

cT�Sg/(SpxSg_p)

where5,, x S5_~denotesthe subgroupof Sg consistingof the permutations
leavinginvariantthe subset{l,. . . ,p}. In particular,(jV1 )~~:_i ~

Since~Af~~ A ~4= 0. e1 A A ep, wehave

(JV1 A ... A.N,)
5’~~’ ~

where~_~’<5t~~standsforthesubsetofsuchfE ~that (axy)(f) = sign(a).
f for every (a x ~u)E 5,, x ~ Takingp = 1, we obtain

MSS ~ j.,~Si ~ ~Sg_

andtheoriginal morphism

q5: A~,(M5~)-+ (A~.(M))5’= A
5
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is now the morphism
~ ~P~jSg_i ~~SpxSg_p

describedby

~ =

/LES~

wherea, is the transpositionof 1 and i.
Let usprovethat is an isomorphism:Thereis a commutativediagram

T ~lXSg_p

Hj — IH’

A~,
5~Sg_I ~jSpXSg.~p

where
T(f1®...®f~)=a,(f,)...a~(f~),

H(f,®...®f~)=fiA...Af~,

H’(f) = ~ sign(~u)(,ux l)(f).
pESo

AsO = k[t],~ = k[ti,...,tgl, if wedenote

(s,,. . . ,s~)= symmetric functions of (ti.., tg),

= symmetricfunctionsof (t2, . . . , tg),

(sç,. . . , s~_,,)= symmetricfunctionsof (t~+,,. .. , tg),

wehave

Os =

~Sg_i = ~ ~

~iXSg_p = ~ ~

If follows that~ XS1_p canbe identifiedwith thepth skew-symmetrictensors
of theOgmodule~ = Og [ti] andthe previousdiagramreads

0g[ti]®0g~~~~®0g0g[ti] Og[ti,...,tp]

Hj — jit’

A~c~g0g[t,] i” 1 A~~gOg[t,]

wherenow H’ is theskew-symmetrizationoperator,finishing the proofof the if
part.
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To completetheproof,wehaveto showthatif n> 1, q~isnot anisomorphism.
Let uswrite J’/ = ~~

1,h/i with J3fJ of rank 1, and

5 Ii)

~

so thatM = M~.Then

~

pI+...+ps=p

A0g(MSZ)= ~ A~4g(Mi)S~®...®A~g(MS)Ss.

pI+...+ps=p

By the casen = 1, wehave

A~g(Ml)S~~ (A~g(M’))
5S

andthen

Ao~(MS:)= ~

Pi+”+Ps=P

Butthereareinvariantelementsin the tensorproduct(A~.M’®.. . ® A?~.M’~)Sg
which cannotbe written as tensorproductsof invariantelements.This means
thatthemorphismcb~is not an isomorphismin this case. D

Corollary 1. If( z,0) aregradedlocal coordinateson asupercurveXofdimension
(1, 1), a systemofgradedlocal coordinatesfor55X isgivenby (si,.. . , s~,ci,.
ç
5), where(s,,... ,s5)arethe(even)symmetricfunctionsof(zi,...,z5)and(ç,,

c5) arethe oddsymmetricfunctionsdefinedby ch = ~f....a (0,Sh. 1).

3. Positivesuperdivisors

Fromthis point, calligraphictypesarereservedfor gradedringed spacesand
the structureringsheafof anyringedspacewill be denotedby 0 with thename
ofthe ringedspaceas asubscript.For instance,X = (X,Ox) or simply X will
meanagradedringedspace,whereas(X, Ox) or X will representtheunderlying
ordinaryringedspace.

3.1. THE UNIVERSAL DIVISOR FOR AN ALGEBRAIC CURVE

This sectionis devotedto a summaryof the theoryof the variety of positive
divisorsand the universaldivisor for a (ordinary) smoothproper algebraic
curveX, andto show that the universalpropertystill holdswhenthe spaceof
parametersis a superscheme.Suitablereferencesarerefs. [13] or [161.
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In that case,positivedivisorsof degreeg areunorderedfamilies of g points,
and theyare thenparametrizedby the spaceof suchfamilies, that is, by the
symmetricproduct5~X.Thiscanbemadeprecisethroughthenotionof relative
divisor.

IfS is anotherscheme,positiverelativedivisorsof X x S —~ Sof degreeg are
subschemesZ —~ X suchthatOz is alocally free Os-moduleof rankg. Thereis
anice positiverelativedivisor zu of degreeg of X x S5X—‘ SEX, whosefibre
ata point (x1,...,x5) E S~Xis the divisorx1 + + x5 ofX definedby it. Z”
is calledthe universaldivisorbecausethemap

Hom(S,S
5X) —* Div~(Xx S),

çf~-*(1 x~)_i(Zu),

whereDiv~(X x S) denotesthe setof positiverelativedivisorsof degreeg, is
oneto one.This meansthateachpositivedivisorcanbeobtainedas apull-back
of theuniversaldivisor; this statementis knownas therepresentabilitytheorem
for thesymmetricproduct.

But it turns out that the abovetheory is still true whena superschemeis
allowedas the spaceof parameters,oncethe correspondingnotion of positive
relativedivisor hasbeenestablished.

Definition 4. LetX bean ordinarysmoothcurveand(5,Os) a superscheme.A
positiverelativedivisor of degreeg of X x S —~ S is a closedsub-superscheme
Z of X x S of codimension(1,0) definedby ahomogeneousideal J of Ox s
suchthatOx,,~s/Jis alocally free Os-moduleof rank (g,0).

The ideal J of apositiverelativedivisor of degreeg is thenlocallygenerated
by an elementof the type

f = z~—a
1z~~~ (—1)

5a~, (2)

wherethea’s areevenelementsin O~,andOx>~s/J is a free Os-modulewith
basis(1,z,...,z~’).

The representabilitytheoremnow reads

Theorem 2. Let X bea smoothpropercurveoverafield k andZL~the universal
divisor. Themap

Hom(S,S5X) —* Div~(Xx 5),

4~-~(1 x4)~(Z”), (3)
whereDiv~(X x 5) denotesthesetofpositiverelativedivisorsofdegreeg, is one
to onefor everysuperschemeS. El

The proofoftherepresentabilitytheoremfor ordinaryschemesappliesto this
casewith only minor changes.



J.A. DomInguezet a!. / Thevariety ofpositivesuperdivisors 193

Therearetwo key pointsfor the proofof this theorem.The first oneis the
constructionofthe universaldivisor, whichcanbedoneasfollows: If ic: X~
X is the ith projectionandA, is the positiverelativedivisorof X x X5 —~ X5
obtainedby pull-backof thediagonalA C X x X throughout1 x irs: X x X~
X x X we canprove thereisauniquepositiverelativedivisorzu of X x 5X —~

S5Xsuchthat

wherep: X5 —+ SSXis the naturalprojection.This divisorZ” is theuniversal
divisor.

The secondkey point is the so-called“determinantmorphism”S —~ S~Z,Z
beingapositiverelativedivisorof degreeg becauseits compositionwithS~Z
S~Xprovidesthe inversemappingof (3) (see ref. [16]). The determinant
morphismforthelocally freeOs-moduleofrank (g,0) Oz is definedasfollows:
Eachelementb in theinvariantsheaf(Oz)g = (Q®5)5sactson the0

5-module
A08O~ofrank (1,0) asthemultiplicationby awell-determinedelementdet(b)
in O~.Thisgivesriseto amorphismof sheaves(Oz)~—~ Os,andtoamorphism
of schemesS —~ 55Z.Thedeterminantmorphismprovidestheinversemapping
of (3) because,if b is an evenelementin Oz,

Ii)

b,=l®•~~®b ®~~•®lEO~
5,

andwe denoteby s(b) thesymmetricfunctionsof b
11. .. , b5, we havethat

a = det(s,(b)) (i = l,...,g),

wherez
5 — a

1~ + ... + (—1)
5a

5 is thecharacteristicpolynomialof b acting
onO~by multiplication [comparewith (2)].

3.2. POSITIVE SUPERDIVISORSON SUPERCURVES

The abovediscussionis basedon a trivial but importantpoint: positivedivi-
sorsare families of points. Evenin the relativecase,positiverelativedivisors
of degree1 are“S-points”, thatis, sectionsof X x 5 —~ 5, and for this reason,
positivedivisorsof degreeg areparametrizedby the symmetricproductS~X
andthe universaldivisor.

For asupercurveX = (X,Ox), asimilar notion could be established,by
defining positive relativesuperdivisorsof X x S —~ S (S being an arbitrary
superscheme),asclosedsub-superschemesof X x S of codimension(1,0) flat
over the basesuperscheme.

This definition hastwo drawbacks.The first oneis that “S-points” arenot
superdivisorsin that sensebecausetheyhavecodimension(1, 1) andnot codi-
mension(1,0) assuperdivisorsdo [23]. Thesecondoneisthatwecannotensure
that theyarepull-backsof a suitableuniversalsuperdivisor.
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We havethusmodified the notion of positiverelativesuperdivisorsin order
to fulfill the secondrequirementas follows:

Let (X,Ox) be a smoothsupercurve,and (S, O~)asuperscheme.

Definition 5. A positiverelativesuperdivisorofdegreeg of Xx S —~ S isaclosed
sub-superscheme2 ofX xS ofcodimension(1,0) whosereduction~ = 2xxX
is apositiverelativedivisor of degreeg of X x S —* S (seedefinition 4).

Evenwith ourdefinition,“S-points” arenot superdivisors,but as weshallsee
later, thereis a closerelationshipbetweenthem,atleastfor SUSY-curves.

Positiverelativesuperdivisorscan bedescribedlocally in aratherpreciseway
in thecaseof asmoothsupercurveof dimension(1,1).

In thiscase,thenaturalmorphismox —p Ox inducesanisomorphism(Ox )o

~ Ox, so that Ox is a module over Ox, there exists a canonicalprojection
X —* X andOx is in anaturalway an exterioralgebraOx = A08L, where

= (Ox) is aline bundleoverthe ordinarycurveX.

Lemma2. LetX bea smoothsupercurveofdimension(1, 1). A closedsubsuper-
scheme2 ofX x S of codimension (1,0) definedby a homogeneousideal J of
Oxxs is a positive relative superdivisorofdegreeg if and only if thefollowing
conditionshold:

(i) Oz = °x s/J is a locally freeO5-moduleofdimension(g, g).
(ii) If ( z,0) is a systemofgradedlocal coordinates,J canbelocallygenerated

byan elementoftype

f = — (a, + 0b1)z~~+ + (—l)
5(a

5 + Obg),

wherethea’s areevenandtheb~‘s areoddelementsin Os.

Proof Let2 beapositiverelativesuperdivisorof degreeg definedby ahomoge-
neousideal J of°x,< ,~ andlet usconsidera systemof relativelocalcoordinates
(z,0). Then,thereduction.2 = 2 xxX is apositiverelativedivisorof degreeg
of Xx S —* Sdefinedby the imagef ofJ by the morphismit: Oxxs Oxxs,
sothatan elementf ~ JgeneratesJ if andonly if J isgeneratedby f = it (f).
SinceJ definesapositiverelativedivisor of degreeg of X x S —* 5, thenJ has
a generatorof typef = z

5 — a,z~’+ + (—l)5a
5, wherethe a’s areeven

elementsin Os [seeeq. (2)], andO~= Ox>~s/Jis afree O5-modulewithbasis
(1,z,.. ., z

5).ThismeansthatO~~ Os[z]/(f). It follows that thereis agen-
eratorof J of the form f = / + 0. d andthatd q(z) (mod .1) for a certain
polynomialq (z)of degreelessthang. In consequence,the elementf + Oq (z)
generatesJ and is of the predictedtype.An easycomputationnowshowsthat
O~isarank(g,g) free Os-modulewithbasis(1, z,.. . , z~’,0,0z,... ,0z~’).

The converseis straightforward. LI
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3.3. THE FUNCTOR OF POSITIVESUPERDIVISORSON A SUPERCURVE

Let (X, 2) beasupercurve.ForeverysuperschemeS let usdenotebyDiv~(X
x 5) the set of positive relative superdivisorsof degreeg of X x S —~ S. If
~,: 5’ —+ S is a morphismof superschemes,and2 is apositiverelativedivisor
of degreeg of X x S —+ 5, (1 x ~‘ )_12 is a positive relativedivisor of degreeg
of X x 5’ —~ 5’. In categoriallanguagethis essentiallymeansthat

S —~ Div~(Xx 5)

is a functor.
We whish to show thatwhen X hasdimension(1, 1), the abovefunctor is

representablein asimilarsenseto thatoftheorem2. A proofisgivenin thenext
section.

4. The representabilitytheoremfor positivesuperdivisors
on a supercurveof dimension(1, 1)

In whatfollows,weconsideronly supercurvesX = (X, Ox) whicharesmooth,
properandofdimension(1, 1).Thislastconditionmeansthatthestructuresheaf
Ox is canonicallyisomorphicwith Ox ~ .C for acertainline bundle£ on the
ordinaryunderlyingcurveX.

4.1. THE SUPERCURVEOF POSITIVE SUPERDIVISORSOF DEGREE 1

Let S = (SpecB, 13) beanaffinesuperschemeand2 = (Z,Oz) ‘—+ Xx S —* S
a relativesuperdivisorof degree1. ThestructuresheafO~is aquotientof the
structuresheaf(Ox ©L) ®k 13 of Xx SpecB.We alsohavethat Oz ~
where~ istheimageof £®k B in 02, sinceO~~4 8,because2 is asuperdivisor
ofdegree1. Moreover,~ = £®o~13, where13 isanOx-algebratroughthenatural
morphismf: Ox —i 0±~$ B, so that it is a locally free rank-1 13-module.

It is now clear that the superdivisor2 is characterizedby the morphism
f: Ox —+ 13 togetherwith amorphismf: Ox —~ B©~extendingf. Thatis, 2 is
definedby amorphismf: Ox —+13 andaderivationA: Ox ‘,~o= £ ®0~131.
ButA canbeunderstoodasanelementfA eHom05(cx,Zo) ~4 Horn05(~C~®~5

£—‘, 13k) (wherelcx is the canonicalsheafof X), so that the couple (f, A) is
equivalentto a gradedringmorphismg: Ox ~ (‘cx ®o~£~) 13.

The abovediscusionremainstrue for arbitrary (non-affine)superschemesS.
This meansthat the supercurveXC = Spec(Ox~ £C) where £C = Kx ®o.~.
j~~, will representthe functorof superdivisorsof degree1 of the supercurve
Spec(Ox ~ £). The universaldivisor, Z’ ‘—~ X x XC, will be the divisor corre-
spondingto the identity morphismId: S = XC X’~.Onecan computethis
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superdivisorasaboveandobtain that it is the closedsubsuperschemewhose
ideal sheafis the kernelof thegradedring morphism:

~: (Ox ~ C) ®k (Ox ~ CC) = Aox®kox[(C ®k Ox) ~ (Ox ®k CC)]

_~ A
05 (C®Cc)

givenbya®b+-+ a.b~b.d(a)on Ox®kOx (takingintoaccountthatb.d(a)is a
local sectionof tCX ~ £®O~CC) andasthe naturalmorphismson theremaining
components.Moreover, if U c X is an affine open subsetandz E Ox(U) is
a local parameter,and if £ is trivial on U, C~j~ 0 . OxIu, then CC is trivial
on U generatedby 0C = . dz, w0 E [‘(U, £‘) beingthe dualbasisof 0. If
U = Spec(Ox~ C) c X andU~= Spec(Ox~ CC) C XC, the restrictionof the
universalsuperdivisorZr” to U x UC is givenby the local equation:

zi_z2_O®OC=0, (4)

whereZi = z 0 1 andz2 = 1 ® z.
The abovediscussioncan be summarizedas follows: Let X = (X, Ox =

Ox ~ C) be a smoothpropersupercurveof dimension(1, 1).

Definition 6. The supercurveof positivedivisorsof degree1 on X is the super-
curveofdimension(1, 1)definedasXC= (X,Ox~CC)whereC~= Kx®O5C_I.
This supercurveis alsocalled the supercurveof conjugatefermionson X.

Definition 7. The universalpositivesuperdivisorof degree1 is the relativesu-
perdivisor2~of Xx XC .+ X’ definedby theideal sheafKerÔearlierconsidered.
If (z,0) aregradedlocalcoordinatesfor X, thecorrespondinglocalequationof
Z~is z1 — z2_000c= 0,wherez1 = zO 1, z2 = l®z andOC= w0~dz.

Theorem 3. Themorphismoffunctors:

0: Hom(S,Xc)_*Div~(XxS),

çp~—~(1 x~Y~(Z~),

is a functorial isomorphism.

By this representabilitytheorem,the supercurveXC of conjugatefermions
parametrizespositive superdivisorsof degree1 on the original supercurveX.
That meansthatpositivesuperdivisorsof degree1 on X arenot pointsof X as
happensin the ordinarycase,but ratherpointsof anothersupercurveXC with
thesameunderlyingordinarycurveX.
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4.2. POSITIVE SUPERDIVISORSOF DEGREE 1 ON A SUSY-CURVE

Thissectionwill exploretherelationshipbetweenpointsandpositivesuperdi-
visorsof degree1 for a SUSY-curve(supersymmetriccurve).This relationship
wasfirst describedby Manin (seeref. [23]), but it canbeenlightenedby means
of the supercurveof positive superdivisorsof degree1 definedabove. Let us
startby recallingsomedefinitions andelementarypropertiesof SUSY-curves.
More detailscanbefoundin Manin [21—24],BatchelorandBryant [3], Falqui
andReina[9], GiddingsandNelson [11,12], Bartocci,BruzzoandHernández
Ruipérez[2], BruzzoandDomInguezPerez[6], or LeBrun, Rothstein,Yat-Sun
PoonandWells [18,19].

Let S = (5,Os) be asuperscheme.

Definition 8. A supersymmetriccurveor SUSY-curveoverS is apropersmooth
morphismX = (X,Ox) --+ S of superschemesof relativedimension(1, 1)
endowedwith alocally free submoduleV of rank (0, 1) of the relativetangent
sheafTx1s= Tier08 (Ox) suchthat thecompositionmap

v ®o.,,. v L~LTier08 (Ox) -~ Tier08 (Ox)/D

is an isomorphismof Ox-modules(see,for instance,ref. [19]).

If X = (X, Ox,Ti) is a SUSY-curve,X canbecoveredby affine opensubsets
U c X with local relativecoordinates(z,0) suchthatV islocallygeneratedby
D = 0/80 + 0O/Oz.Thesecoordinatesarecalledconformal.

There is anaturalisomorphismIY ~$ Ber08(Ox) anda “Bereziniandiffer-
ential”

8: Q)~.15~ ~Bero8(Ox),

whichis nothingbut thenaturalprojectioninducedby theimmersionV —* Tx1s.
In conformalcoordinates13 is describedby8 (df) = [dz®0/00] . D(f), where
[dz ®8/80] denotesthelocal basisofBer08 Ox determinedby (z,0) (seerefs.
[15,23]).

If (X, Ox,Ti) is a (single) SUSY-curve,that is, a SUSY-curveover a point,
wehavethat°x = Ao~(C), andthereareisomorphismsV®05 Ox ~ £~and

C ®0~C ~+ Kx.

This isomorphismif oftencalledaspin structureon X. Conversely,aspin struc-
ture inducesaconformal structure,so that aconformalstructureon a proper
smoothsupercurveis equivalentto a spin structureon it.

Now, thereis a geometricalcharacterizationof SUSY-curvesin termsof su-
perdivisors:
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Theorem4. Let X bea supercurveofdimension(1, 1). ThenX is a SUSY-curve
if andonly if thereis an isomorphismofsupercurvesX ~+ XC betweenX andthe
supercurveofpositivesuperdivisorsofdegree1 (conjugatefermions)on it inducing
the identity on X. Moreover, thereis a one-to-onecorrespondencebetweensuch
isomorphismsandspinstructureson X.

Proof If Ox = Ox~ C, thenthestructuresheafof XC is Ox ~ (C’ ®0~‘cx)~so
thatan isomorphismX ~* XC inducingthe identity on X is nothingbut aOx-
moduleisomorphismC~®0~Kx ~+ C, thatis, anisomorphism£®0~C ~+ ‘cx. Li

Theorem3 and the aboveresult meanthat for SUSY-curves,S-points are
equivalentto relativepositivesuperdivisorsofdegree1 on X xS —÷ 5, asManin
claimedin ref. [23], andthe universalrelativepositivesuperdivisorof degree
1 givesin this casenothingbut Manin’s superdiagonal:

Let X be a SUSY-curve.If A denotesthe ideal of the diagonalimmersion
A: X ‘—+ X x X, the kernelof the composition

A —+ A/A2 ~ A~Q)~.L A~Ber(Ox)

is a homogeneousideall of °xxx thusdefininga subsuperschemeA8 calledthe

superdiagonal.

Lemma3 (Manin [23]). ThesuperdiagonalA8 = (X,Oxxx/I) isa closed
subsuperschemeofcodimension(1,0). In conformalcoordinates(z,0), it canbe
describedby theequation

— —0102 = 0,

whereasusualz
1 = 1 ® z and z2 = z® 1. LI

Accordingto lemma2, thesuperdiagonalis a positivesuperdivisor.A simple
local computationshowsthatactuallywehave:

Theorem 5. Let X be a SUSY-curve,w: X ~ X’~the natural isomorphismbe-
tweenX andthesupercurveofpositivesuperdivisorsofdegree1 (conjugatefermi-
ons), and 1 x ~‘: X x X ~ X x XC the inducedisomorphism.Then

A
8 = (1 x

that is, the isomorphismw: X ~ X~given by the spin structure transformsby
inverseimagethe universalpositivesuperdivisorofdegree1 into Manin‘5 super-
diagonal. LI
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4.3. THE SUPERSCHEMEOF POSITIVESUPERDIVISORSOF DEGREEg

Let X bea smoothpropersupercurveof dimension(1, 1) as above.

Definition 9. The superschemeof positivesuperdivisorsof degreeg ofX is the
supersymmetricproductSSXCof the supercurveXC of positivesuperdivisorsof
degree1.

The universalsuperdivisor.Z of X x S~X~is constructedas follows: let us
considerthe naturalprojections

ire: Xx XC x .~.x XC --+ Xx XC,

(x,x~,. . . ,x) ‘—+ (x,x,C)

the positivesuperdivisorsof degree1, 2, = lrj(Z?) C X x (fl~=~XC) andthe

positivesuperdivisorof degreeg, 2 = Zi + ... + Z~.

Lemma4. Thereexistsa uniquepositiverelativesuperdivisor2~ofdegreeg of
X x SSXC ~ such that ir~(Zp = 2, whereit is thenaturalmorphism

rc:Xx (ñXC) ~~*Xx5gXC.

Proof One hasonly to prove thatZ~= it (2) is the desiredsuperdivisor.This
canbe donelocally, so thatwe can assumethatX = SpecA is affine andthe
line bundlesC and‘cx aretrivially generatedby 0 anddz, respectively.Then,
the local equationofZ~’is z ® 1—1 ® z — 0®OC = 0 [seeeq. (4)], and2 is
the superdivisordefinedby theequation

0= H(z_zi_oo~)= z5—(s
1+0.c~)z~~~ (—l)

5(s
9+0.c5),

wherez = ir~(l®z),0~= ir7(l®OC) ands,,carethe evenandoddsymmetric
functionscorrespondingto z and 0C (seecorollary 1). It follows that this last
equationis alsothe localequationof z; in X x SSXC andonecanreadilycheck
that7r*(Z~)=Z. Li

4.4. THE REPRESENTABILITY THEOREM

This subsectionwill justify the above definitions by displaying the repre-
sentabilitytheorem:
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Theorem6. Thepair (5~XC, Z) representsthefunctorofrelativepositivesuper-
divisorsofdegreeg ofX, that is, the natural map:

~: Hom(5,SSXC)—~ Div~(Xx 5),
f~—~(1 xf)*Z~,

is afunctorial isomorphismfor everysuperschemeS.

Proof
(1)~ is injective:Let U = SpecA c X beanopensubschemeoftheunderlying

ordinarycurveX, suchthat ‘cx andC aretrivial generatedby dz and0, respec-
tively. Let usconsidertheaffineopensubsuperschemesU = Spec(A~ 0~A) ‘—* X
andU~= Spec(A~ 0C . A) ‘—+ XC, where

0C = dz ® wg E F (U, ‘cx ® C~) =

F (U, CC).

Now, ~g~C ‘—f S~X~is an affine open subsuperschemeand the symmetric
functionss,(z),ç~(z,0’~)(i = 1, .. . , g) form agradedsystemof parametersfor
the gradedring Sff(A~ 0~. A). Let usdenoteit simplyby s,c~.

The family of the affine open subsuperschemesS5UC so obtained(when U
rangesover the affine opensubschemesof X where ‘cx and C aretrivial) is an
opencoveringof SSXC by affine opensubsuperschemessuch that the universal
positivesuperdivisorofU x SSUC-~ U is theclosedsubsuperschemeZ~defined
by the equation

— (si + 0. c1)z~~+ ... + (_l)~(sg+ 0 cg) = 0.

Thenonehasthat for theseaffine open subsuperschemesthemap

4u: Hom(S,SSUC)—* Div~(Ux 8),
f+-+ (1 xf)~Z~,

is injective: In fact, we can assumethat S is affine, S = SpecB. Now, the
morphismsf: S —* SSUCaredeterminedby theinverseimagesofthesymmetric
functionss,, ç. But theseinverseimagesaredeterminedby (1 x f)*Z~ since
the coefficientsof thecharacteristicpolynomialof z ® 1 actingby multiplication
on theB[0]-module O(1xf)ez~are (1 )i(f* (si) + 0. f*(ci)). Thisallows us
to conclude.

A straightforwardconsequenceof thisfact isthat the mapq
5 of thestatement

is injectivefor everysuperschemeS.
(2) ~ is an epimorphism:It issufficient to provethat, givenarelativepositive

superdivisorof degreeg, 2 c X x S --+ S, for everygeometricpointp eSthere
exist anopenneighbourhood,V c 5, anda morphismfv: V —~ SSXC suchthat
(1 x fv)*(2) = Zn (Xx V) = Z.~,,,for, in that case,thesemorphismsdefinea
morphismf: S —~ SSXCfulfilling (1 x f ) * (Z) = 2 by virtue of thepreceding
subsection.Let it: X x S —* S bethenaturalprojectionand U = SpecA c X an
affinesubschemewhereKX andC aretrivial andsuchthat (with the notationof
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the beginningof this section)the affine opensubsuperschemeU C X contains
the superdivisor7r’ (p) n 2 ~ X. Then, W = S — it(Z — 2 n (U x 5)) is
open,becauseit is a propermorphism,and it containsthe pointp E S. Let
V = SpecB CSbe an affine opensubsuperschemecontainingp andcontained
in W. By construction,if weput zv = Zn it~(V), thenZv is arelativepositive
divisor of degreeg of U x V —-+ V, so that it is affine, 2v = SpecC. Let dz,
0 be generatorsof ‘cx and C, as usual. Now, accordingto the definition of
superdivisor,the ring C of zv is a locally freemoduleoverB[0] of rankg and
C = C/0. C is the ringof an ordinarydivisor of degreeg of U C X.

Let usconsiderthemorphismfv: SpecB = V —÷ S~UC= SpecS~(A ~ 0’~.A)
inducedby the ringmorphismf.j: S~(A~ OC . A) —* B defined,by meansof the
determinantmorphism,as follows: LetSA —+ B bethe determinantmorphism
definedby the quotient ring C of A ®k B. This morphismendowsB with a
structureof SfA-algebra.But, by lemma 1, onehasSf(A ~ OC . A) = AS:AM
for acertainfreeSfA-moduleM generatedby the odd symmetricfunctionsci;

then,by the universalpropertyof theexterioralgebra,definingf~is equivalent
to giving a homogeneousmorphismof degreezeroof SfA-modules,M —+ B.
This morphismis actuallycharacterizedby the imagesof thefunctionsci (i =

1,.. . , g),andwedefinetheseimagesastheoddcoefficientsofthe characteristic
polynomialof z ® 1 actingon theB [0]-module C by multiplication;thismeans
that,if thecharacteristicpolynomialis ~ — (ai + 0 ~b

1)z~’ +~ . + (—1 )
5(a

5+
0 bg),thenwedefine f~(ç,) = b~.

Moreover,onealsohasthatf~(s,) = a~andthen(1 x f )~,(Z~)istherelative
positivesuperdivisorof degreeg of U x V --+ V definedby the equation

z
5—(a~ + 0.b,)z~’ + ... + (—l)5(a~+ 0~bg).

On the otherhand, this is thecharacteristicpolynomialof z® 1 actingby mul-
tiplicationon the structurering of zv,so thatthis polynomialvanisheson 2v,
which meansthatZ~is containedin (1 x f )~,(Zfl). Sincebothpositivesuper-
divisorshavethe samedegree,theyareequal,thusfinishing theproof. LI

4.5. THE CASE OF SUSY-CURVES

If X is aSUSY-curve,thereexistsanisomorphismw: X ~+ XC betweenX and
the supercurveof positivesuperdivisorsof degree1, as we provedin subsection
4.1. Thenwehavean isomorphismS~X—+ 5g~C betweenthe supersymmetric
productof X andthe superschemeS~XC of positivesuperdivisorsof degreeg
on X, so thatthe representabilitytheoremnow reads(seeref. [8]):

Theorem7. LetX bea SUSY-curve.ThesupersymmetricproductS~Xrepresents
thefunctorofpositivesuperdivisorson X, that is, thereexistsa universalrelative
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positive superdivisor2 of degreeg ofX x S~X—+ S~Xsuch that the natural
map

q5: Hom(S,S~X)—* Div~(Xx S),

f~—+(1 xf)*Z,

is afunctorial isomorphismfor everysuperschemeS.

Moreover, since 1 x w: X x X ~ X x XC transformsby inverseimagethe
universalpositivesuperdivisorof degree1 into Manin’s superdiagonal,the uni-
versal superdivisorof X x ~ —+ S~Xfor SUSY-curvesis constructedas in
lemma4 with Manin’s superdiagonalplaying the role of Z~’.

Summarizing,only for SUSY-curves,“unorderedfamilies of g points” (the
pointsof SEX) are equivalentto “superdivisorsof degreeg” (the pointsof
SrXC).

WethankJ.M.MuñozPorrasfor manyenlighteningcommentsaboutJacobian
theoryandthegeometryofthe symmetricproducts,J.M. Rabinfor drawingrefs.
[28] and [29] to our attentionandJ. MateosGuilarte,who first introducedus
to the vortex equations.We alsothankthe anonymousrefereefor somehelpful
suggestionsto improvethe original manuscript.
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